The side sensitive group runs (SSGR) chart is better than both the Shewhart and synthetic charts in detecting small and moderate process mean shifts. In practical circumstances, the process parameters are seldom known, so it is necessary to estimate them from in-control Phase-I samples. Research has discovered that a large number of in-control Phase-I samples are needed for the SSGR chart with estimated process parameters to behave similarly to a chart with known process parameters. The common metric to evaluate the performance of the control chart is average run length (ARL). An assumption for the computation of the ARL is that the shift size is assumed to be known. In reality however, the practitioners may not know the following shift size in advance. In light of this, the expected average run length (EARL) will be considered to measure the performance of the SSGR chart. Moreover, the standard deviation of the ARL (SDARL) will be studied, which is used to quantify the between-practitioner variability in the SSGR chart with estimated process parameters. This paper proposes the optimal design of the estimated process parameters SSGR chart based on the EARL criterion. The application of the optimal SSGR chart with estimated process parameters is demonstrated with actual data taken from a manufacturing company. 
Introduction
Customer satisfaction is essential in the business world. Consequently, enhancing quality is a primary factor for a successful business. To improve the quality of a product or service, statistical process control (SPC) is implemented to maintain and enhance the stability and capability of manufacturing and service processes.
Among these SPC techniques, control charts are frequently used to detect shifts in a process. Due to its simplicity, the Shewhart chart is widely applied to detect large shifts in the process mean. The main setback of the Shewhart chart is its lack of sensitivity to small and moderate process mean shifts.
Since then, research in the area of control charts has focused on methods to enhance the efficiency of the Shewhart chart. In recent years, Gadre and Rattihalli [1] introduced the group runs (GR) chart, which integrates the Shewhart sub-chart and an extended version of the conforming run length (CRL) sub-chart. Moreover, Gadre and Rattihalli [2] suggested the side sensitive GR (SSGR) chart by using the side sensitive feature. Combined with an additional rule, it is shown that the SSGR chart is more efficient compared to the Shewhart, synthetic and GR charts.
Control charts are usually designed assuming that the in-control process parameters are known. However, in most practical applications, the assumption of known process parameters is usually violated and hence must be estimated from in-control Phase-I samples. Due to the variability of the estimators, the performance of the control chart with estimated process parameters will differ from the corresponding chart with known process parameters [3] . It has been proven that an extremely large number of m in-control Phase-I samples is required to attain a performance similar to the chart with known process parameters, as claimed in Quesenberry [4] , Jones et al. [5] , Psarakis et al. [6] , Jones-Farmer et al. [7] , to name a few. Therefore, the impact of parameter estimation must be considered when designing the control chart.
A common performance measure is the average run length (ARL). The ARL is defined as the average number of sample results plotted on the control chart before the process signals out-of-control [8] . The computation of the ARL requires the shift size to be known. In a practical situation, the next shift size is not known in advance. To address this problem, the shift size should be considered as random. Hence, the expected ARL (EARL) will be employed as a performance measure when the shift size is unknown. Related studies on the EARL can be found in Celano [9] , Castagliola et al. [10] , and Yeong et al. [11] . Recently, You et al. [12] considered the SSGR chart when estimating the process parameters based on minimising ARL, which has motivated the current research in this paper. To the best of the author's knowledge, research investigating the application of the EARL is very limited. Hence, in this article, optimal design is developed for the SSGR chart with estimated process parameters by minimising the out-of-control EARL for unknown shift sizes.
When the process parameters are estimated from m in-control Phase-I samples, the control chart performance will vary among practitioners. This is because practitioners use different m Phase-I samples to estimate the process parameters, which result in different parameter estimates. This variation has been named as practitioner-to-practitioner variability. In light of this, standard deviation of the ARL (SDARL) will be considered as a measure of the amount of practitioner-topractitioner variability in the performance of the SSGR chart. The SDARL performance measure has been employed to determine the necessary amount of Phase-I samples for control charts with estimated process parameters. For an overview of SDARL, see Saleh et al. [3] , Aly et al. [13] and Saleh et al. [14] . This paper is structured as follows. Section 2 briefly reviews the SSGR chart. The run length properties of the SSGR chart with known and estimated process parameters are given in Section 3. Section 4 outlines the optimal design of the SSGR chart with estimated process parameters by minimising the EARL. A performance comparison between the SSGR chart with known and estimated process parameters, in terms of the EARL, ARL and SDARL, is discussed in Section 5. The application of the SSGR chart with estimated process parameters is illustrated using actual industrial data in Section 6. Finally, concluding remarks are given in Section 7.
Background

The SSGR chart
The SSGR chart combines the Shewhart sub-chart and an extended version of the CRL sub-chart [2] . Eq. (1) shows the upper control limit (UCL) and lower control limit (LCL) of the Shewhart sub-chart when process parameters, i.e., the incontrol mean, m 0 and in-control standard deviation, s 0 are known:
with K as the charting constant. The extended version of the CRL sub-chart is an attribute chart with one lower limit, i.e., L. The rth CRL value, CRL r , for r ¼ 1, 2, ., is defined as the number of samples between two consecutive nonconforming samples from the Shewhart sub-chart (inclusive of the ending nonconforming sample). The SSGR chart has an implicit inclusion of headstart features, where the sample is out-of-control at the start of process monitoring [15] .
The operation of the SSGR chart is as follows:
Step 1: Set the charting constants LCL, UCL and L.
Step 2: Take a sample of n items and compute the sample mean, X.
Step 3: If X˛½LCL; UCL, the sample is considered as conforming and the control flow returns to Step 2. Otherwise, the sample is considered as nonconforming and the control flow moves to Step 4.
Step 4: (i) For the first CRL, if CRL 1 L, the process is classified as out-ofcontrol and the control flow moves to Step 5. Otherwise, the process is incontrol and the control flow returns to Step 2.
(ii) From the second CRL onwards, if CRL r L, for r ¼ 2, 3, ., the process is not immediately classified as out-of-control, and the control flow returns to Step 2. However, if CRL r L and CRL rþ1 L, for r ¼ 2, 3, ., and both have shifts on the same side of the Shewhart sub-chart, the process is regarded as out-ofcontrol and the control flow proceeds to Step 5.
Step 5: Immediate corrective actions are taken to eliminate the assignable cause(s). Then, the control flow returns to Step 2.
3. Theory/calculation 3.1. Run length properties of the SSGR chart with known and estimated process parameters
Let P 1 denote the probability of a non-conforming sample on the Shewhart subchart, i.e., [2] :
where LCL and UCL are stated in Eq. (1). From Eq. (2), it can then be shown that:
whereby d represents the size of a standardised mean shift where a quick detection is required.
Additionally, the probability of an event CRL r L is [2] :
and the conditional probability h ¼ PrðX > UCL X;½LCL;UCLÞ, taking into account of the side sensitivity feature:
The ARL of the SSGR chart with known process parameters is:
where the P 1 , A and h can be obtained from Eqs. (3), (4) , and (5) 
where ARL is given in Eq. (6) and fðdÞ is the probability density function (pdf) of the shift size, d. As it is difficult to estimate the actual shape of fðdÞ, Castagliola et al. [10] and Tang et al. [16] assumed that the process mean shift follows a uniform distribution Uðd min ; d max Þ.
When the parameters of a process, i.e., the in-control mean, m 0 , and in-control standard deviation, s 0 , are unknown, they are estimated from in-control Phase-I samples which consist of m samples, each of size n. Let the in-control Phase-I samples be fY i;1 ; Y i;2 ; :::; Y i;n g, where i ¼ 1, 2, ., m. An estimator of m 0 is [12] :
and an estimator of s 0 is:
where Y i is the sample mean for the ith sample, i.e.,
After estimating m 0 and s 0 from the in-control Phase-I samples, the monitoring of a Phase-II process begins. The sample means, X i , for i ¼ {1, 2, .} are plotted on the Shewhart sub-chart in the Phase-II process monitoring. Based on the estimated process parameters, i.e., b m 0 and b s 0 , from the Phase-I parameter estimation, the LCL and UCL of the Shewhart sub-chart are:
where K 0 is the charting constant of the Shewhart sub-chart with estimated process parameters.
Then, the conditional probability that a sample on the Shewhart sub-chart is nonconforming is given as:
ð11Þ
n , subtracting m 0 þ ds 0 followed by multiplying ffiffi n p s 0 on both sides of the inequality in Eq. (11), then simplifying will yield [12] : . Then, the pdf of U can be represented as:
where f N is the pdf of a normal distribution having a mean of 0 and variance of , Zhang et al. [17] showed that
, which is a gamma distribution with parameters Consequently, the pdf of V is:
where f g is the pdf of the gamma distribution with parameters mðnÀ1Þ 2 and 2n mðnÀ1Þ .
In a similar manner, the probability of an event CRL r L 0 is:
where L 0 is the lower limit of the CRL sub-chart with estimated process parameters. In addition, the SSGR chart considers the location where the sample falls on the Shewhart sub-chart, which influences the signalling event of the SSGR chart. Therefore, the conditional probability,
Note that for complete and detailed derivation, the reader can refer to You et al. [12] .
Consequently, the ARL of the SSGR chart with estimated process parameters being equal to:
where b P 1 , f U ðujmÞ, f V ðvjm; nÞ, b A and b h are obtained from Eqs. (12), (13), (14), (15) , and (16), respectively. In addition, the SDARL of the SSGR chart when the process parameters are estimated is
Moreover, the EARL of the SSGR chart with estimated process parameters is:
4. Design
Optimal design of the estimated process parameters SSGR chart
The performance of the SSGR chart with estimated process parameters differs significantly from the same chart with known process parameters. This is due to the existence of variability when process parameters are estimated, whereas variability does not exist when process parameters are known. Thus, adopting optimal charting parameters of the chart with known process parameters when process parameters are estimated will ignore the existence of variability. Moreover, in many applications, the magnitude of mean shift d is seldom known in advance. In light of this, the optimal design to obtain optimal charting parameters ðK 0 ; L 0 Þ of the SSGR chart with estimated process parameters is necessary to overcome the circumstances. The optimization of the SSGR chart with estimated process parameters consists of finding the chart's parameters ðK 0 ; L 0 Þ which satisfy the following conditions:
subject to ARLðm; n; K; L; d ¼ 0Þ ¼ ARL 0 , where EARLðm; n; K; L; d min ; d max Þ is computed using Eq. (19) . Hence, the optimal charting parameters ðK 0 ; L 0 Þ fulfil the condition such that:
value. In this paper, the EARL 0 ¼ 370.4 is used.
(ii) When d s 0, the optimal charting parameters ðK 0 ; L 0 Þ yield the smallest
The ScicosLab software version 4.4.2. (www.scicoslab.org) is used to compute the optimal charting parameters ðK 0 ; L 0 Þ of the SSGR chart with estimated process parameters. The procedure to compute the optimal charting parameters ðK 0 ; L 0 Þ is described as follows:
Step 1: Specify m, n, d min , d max and EARL 0 .
Step 2: Initialize L 0 as unity.
Step 3: Compute K 0 using a nonlinear equation solver so that EARL 0 specified in
Step (1) is achieved.
Step 4: Compute the EARL 1 using Eq. (19), based on the current charting param-
Step 5: If L 0 ¼ 1 or "L 0 > 1 and EARL 1 has been reduced", increase L 0 by one and return to Step (3). Otherwise, proceed to the next step.
Step 6: Select the charting parameters ðK 0 ; L 0 Þ that give the smallest EARL 1 as the optimal charting parameters.
Note that a similar approach is used to obtain the optimal charting parameters ðK 0 ; L 0 Þ of the SSGR chart with estimated process parameters for minimising out-ofcontrol ARL ðARL 1 Þ by replacing EARL 1 in Steps 1e6 with ARL 1 .
Results & discussion
Performance analysis of the SSGR chart
Since the performance of the SSGR chart with estimated process parameters and known process parameters is significantly different, it is essential to determine the minimum number of in-control Phase-I samples, i.e., m * , so that the SSGR chart with estimated process parameters has approximately the same EARL performance as the chart with known process parameters. For this purpose, Table 1 for the SSGR chart with estimated process parameters computed using the optimal charting parameters (K, L), (that corresponding to the known process parameters chart given in the last column (i.e., m ¼ þ N) of Table 2 ) based on sample m * .
Moreover, EARL 1;N is calculated using Eq. (7), based on the optimal charting parameters (K, L).
From Table 1 Table 1 is useful for practitioners who want to implement optimal charting parameters (K, L) based on known process parameters on the chart with estimated process parameters yet to obtain similar performance as the chart with known process parameters. However, the value of m * can be quite large when n, In reality, it is impractical to accumulate a large m * value in a Phase-I process due to cost and time constraints. Hence, the SSGR chart with estimated process parameters is optimally designed and the optimal charting parameters ðK 0 ; L 0 Þ are computed based on the procedure illustrated in Section 4 and Eq. (20). The computed optimal charting parameters ðK 0 ; L 0 Þ will enable practitioners to have almost the same performance as the known process parameters based SSGR chart with a reasonable number of Phase-I samples, m. In Table 2 , the optimal charting parameters ðK 0 ; L 0 Þ and the corresponding EARL 1 for each ðd min ; d max Þ are displayed in the first and second rows, respectively. The results in Table 2 have been verified using the MonteCarlo simulation. From Table 2 , for the same n, d min and d max , the value of EARL 1 generally decreases with an increase in m. This is because the performance of the SSGR chart with estimated process parameters will behave more closely to the corresponding chart with known process parameters when the value of m increases.
Note that a decreasing EARL 1 value indicates better performance.
Moreover, the proposed optimal design of the SSGR chart with estimated process parameters for computing optimal charting parameters ðK 0 ; L 0 Þ is crucial, as it allows the performance of the SSGR chart with estimated process parameters to approach that of the chart with known process parameters. For illustration, consider m ¼ To further illustrate the implementation of the proposed optimal charting parameters, Table 3 ). This reveals that the optimal charting parameters obtained based on minimising EARL 1 can be implemented as long as d˛ðd min ; d max Þ, i.e., when the practitioners do not have prior knowledge to determine the exact process shift size. practitioner-to-practitioner variability in the performance of the SSGR chart with estimated process parameters. According to Zhang et al. [18] , an SDARL within 10% of the ARL 0 is reasonable, although still reflecting a significant amount of variation. In view of this, from Table 4 , a practitioner would need about 3000, 3000, 800 and 700 Phase-I samples of size n ¼ 3, 4, 5 and 6, respectively, to obtain SDARL values of no more than 37.04 (10% of 370.4). We can observe that the number of m Phase-I samples decreases when the sample size increases.
6. Example
A real-life application
This section demonstrates the construction of the proposed optimal SSGR chart with estimated process parameters using an actual dataset for the flow width measurements (in microns) of the hard-bake process. The dataset for the flow width measurements of the hard-bake process is taken from Montgomery [19] . From prior experience, the proposed SSGR chart is designed to identify a process mean shift size between d min ¼ 0:2 and d max ¼ 1:0, where EARL 0 ¼ 370:4 is desired.
In this example, m ¼ 25 Phase-I samples, each sample with a size of n ¼ 5 wafers, are used to estimate the process parameters. A Bonferroni-type adjustment, i.e., Bonferroni-adjusted X and S charts, is performed to ensure that these Phase-I samples are in-control before reliable estimated process parameters are computed. The control limits of the Bonferroni-adjusted X and S charts are calculated with:
and
respectively, where X ¼ 1:5056 is the sample grand mean, and S ¼ 0:1316 is the average sample standard deviation. Here, Z 2 is the ð1 À 2Þ100th percentile of the standard normal distribution, c 4 is an unbiased constant, and FAP ¼ 0.1264 is 
respectively.
From Fig. 1(a) and (b) , it is shown that the Phase-I samples are in-control based on the control limits from Eqs. (23) 
Conclusion
In reality, true process parameters are rarely known and are estimated from incontrol Phase-I samples. In this paper, it was demonstrated that the performance of the estimated process parameters SSGR chart is significantly different compared to the case when process parameters are known, particularly when n and d are small, unless the in-control Phase-I samples are large enough. Since accumulating a large number of in-control Phase-I samples is not feasible and costly, optimal design of the estimated process parameters SSGR chart by minimising the EARL is developed for unknown shift sizes. The optimal design based on EARL is capable of tackling the situation with random shift size when the process parameters are unknown. The optimal charting parameters provided in Table 2 would appeal to practitioners whose interest is to implement the estimated process parameters SSGR chart without taking a large number of in-control Phase-I samples. Moreover, the proposed optimal charting parameters based on minimising EARL 1 can be employed as long as d˛ðd min ; d max Þ. In addition, the SDARL measure has been considered to quantify the variability between practitioners in the performance of the SSGR chart with estimated process parameters. The application of the SSGR chart with estimated process parameters using actual industrial data shows easy implementation. A future research area to be considered is the optimal design of the group run type charts based on median run length and expected median run length under known and estimated process parameters cases. 
